We resum to all orders of perturbation theory the invariant mass distribution of jets initiated by massive quarks. We find that the inclusion of mass terms, in the N -moment space, results in the universal factor
Introduction
We resum to all orders of perturbation theory the invariant mass distribution of jets initiated by massive quarks, showing that mass terms can be relegated into a factor which takes into account the well-known dead-cone effect. The jet function can be factorized in moment space as:
where the mass-correction factor δ N (Q 2 ; m 2 ) reads:
where α ≡ α S , and J N (Q 2 ) is the standard jet factor for a massless quark [1] [2] [3] ,
The jet function J(z; Q 2 ), which is obtained from an inverse Mellin transform of J N (Q 2 ), gives the probability that a massless parton produced in a hard process characterized by the scale Q fragments into a hadronic jet of mass squared m 2 X = (1 − z)Q 2 . We have defined the mass correction parameter
with Q the hard scale and m the quark mass. The functions A(α) and B(α) describe small angle soft and hard gluon emission off a massless quark respectively, while D(α) describes soft radiation not collinearly enhanced off a massive quark. All these functions have a perturbative expansion in powers of α:
A compilation of the known coefficients A i , B i and D i in our normalization, with references to the original papers, can be found in [4] . Note that r is quadratic in m and that we always assume that the quark mass is much smaller than the hard scale:
That is in order to have fast-moving charges and to preserve a jet structure 1 . Since the jet mass is an infrared (i.e. soft and collinear) safe quantity, δ N = 1 for r = 0.
Our main result, eq. (2), has a simple physical interpretation. The parameter N − 1 is multiplied by r on the r.h.s. of eq. (2), implying that mass effects become "visible" only for large
In this case, there is enough resolution to "see" the quark mass, which tends to suppress the collinear effects, related to the A and B terms. At the same time, soft radiation not collinearly enhanced, described by the function D and characteristic of massive partons, does appear. Going back to the physical, energy-momentum space, we can identify two different regions, which can be defined with logarithmic accuracy:
1. y > r, with y ≡ 1 − z = (m 2 X − m 2 )/(Q 2 − m 2 ), in which the quark mass m can be neglected and the collinear region produces log y terms; 2. y < r, where the quark mass screens the collinear singularity and produces log r terms.
In general, whenever logarithmically enhanced effects are encountered, one expects a factorized structure. In the case of light partons (i.e. exactly massless or with a small mass compared to the energy), one has a collinear enhancement and expects a jet structure. A non-vanishing quark mass produces, as we are going to show in detail, a specific sub-structure, which is expected to be universal on the basis of physical intuition: small angle emissions only are involved, which can be ascribed to a specific jet in the event.
This note is organized as follows.
In sec. 2 we consider the resummation of the invariant hadron mass distribution in the radiative decay
by keeping m s = 0. The inclusion of strange mass effects is a rather academical problem because even with a large value of the constituent mass m s = 0.5 GeV, the correction parameter is very small: r = (m s /m b ) 2 ≈ 10 −2 . Strange mass effects become visible for
∼ 0.99, where resonance effects due to K, K * peaks, etc. -intrinsically beyond perturbative QCD -are substantial. We consider this problem for concreteness sake and for methodological reasons: it is very simple.
In sec. 3 we generalize the results of the previous section to the case of a process involving one or more jets initiated by quarks with a small mass compared to the hard scale.
Finally in sec. 4 we present the conclusions of our study and we discuss natural applications and developments.
2 Mass Distribution in B → X s + γ for m s = 0
In this section we resum to all orders of perturbation theory the invariant mass distribution in the radiative decay (8) by retaining strange quark mass terms.
In sec. 2.1 we compute the invariant mass distribution to O(α) by means of standard soft factorization with the eikonal current and we derive the dead-cone approximation. Hard collinear contributions are included later by hand.
In sec. 2.2 we transform the one-gluon distribution from momentum space to N-space in order to factorize the multiple gluon phase space; that is a necessary step for a consistent resummation at the subleading level.
In sec. 2.3 we check our results with an exact Feynman diagram evaluation of the mass spectrum in eq. (8) to O(α), finding complete agreement.
Finally, in sec. 2.4 we resum the distribution by exponentiating the one-gluon distribution and including higher-order terms to the functions A(α), B(α) and D(α).
One-gluon distribution
According to standard factorization formulae, the soft terms in the amplitude for
are factorized by the eikonal current
where g is the coupling in the QCD lagrangian, k is the soft gluon momentum and T b and T s are the color generators for the beauty and the strange quark respectively [5] . Since the photon -in general the probe -carries no color, we have color conservation along the quark line:
The square of the eikonal current reads: 2
where we have used that T b 2 = T s 2 = T b · T s = C F = 4/3 with C F the usual Casimir of the fundamental representation of SU(3), E g is the soft-gluon energy and t is a unitary angular variable t ≡ 1 − cos ϑ 2 (13) with ϑ the emission angle of the gluon with respect to the strange quark (in the soft limit there is no recoil and the direction of the strange quark is not modified by gluon emission). The mass-correction parameter is given in this case by
Note that in the massless limit for the strange quark, the last term on the r.h.s. of eq. (12) vanishes.
The ordinary quark velocity and the Lorentz factor are given respectively by:
By taking the ultra-relativistic limit r ≪ 1, we obtain:
We now introduce the approximations
to extract the leading behavior of the matrix element squared for r ≪ 1. Eqs. (17) are intended to hold in an integral way:
2 For simplicity's sake, we compute the square in Feynman (i.e. covariant) gauge, but the result is gauge invariant because the eikonal current is conserved: k µ J µ (k) = 0.
We then obtain:
On the last member we have multiplied the term independent from t (related to an isotropic soft gluon emission off the beauty quark at rest) by the θ function, as this only introduces O(r) terms and allows a factorization of this "dynamical" constraint.
The approximations (17) are actually the dead-cone approximation, which is the following limitation on lower emission angles of the gluon with respect to the strange quark:
where E (0) s is the strange quark energy in lowest order, which can be identified with the jet energy in the soft limit
where m b is the beauty (pole) mass. We then obtain for the angular variable the corresponding limitation
An analogous simplification can be made for the kinematical constraint of given jet mass, i.e. of fixed
with m 2 Xs ≡ (p s + p g ) 2 . Let us note that y is a unitary variable equal to zero in the Born kinematics m Xs = m s . For a jet containing one soft gluon:
where
is the normalized gluon energy.
To sum up: the soft resummation formula for a jet initiated by a massive quark can be obtained from the corresponding massless formula by simply adding the term explicitly proportional to m 2 s and imposing the dead cone effect:
Γ is the inclusive width and the first-order resummation constants read:
The first term proportional to D 1 on the r.h.s. of eq. (27) is related to soft emission off the initial beauty quark, in its rest frame, while the second one is related to soft emission off the fast-moving strange quark.
Eq. (27) misses the contribution from hard collinear gluon emission. We assume that the latter can be obtained from the massless one [6] by simply imposing the dead cone effect. The complete one-gluon distribution therefore reads:
A check of our guess is provided by the comparison with the explicit Feynman diagram computation of the spectrum (see sec. 2.3). The event fraction is given by:
where:
Note that the formula above has the correct end-point value: R(1) = 1.
N -space
In order to resum the distribution to all orders in α, one has to transform it to moment space
That is in order to factorize the multiple gluon phase space. One then exponentiates the onegluon distribution in N−space to account for multiple emission:
Gluon branching, i.e. secondary emission, is taken into account by replacing the tree-level coupling with the running coupling evaluated at the gluon transverse momentum squared:
where the gluon transverse momentum squared is defined as:
The "effective" one-gluon distribution therefore reads:
The virtual contributions can be "transferred" to the moment kernel as usual:
In the following sections we perform the integrations of the various terms above.
Leading Order
By integrating the leading-order term on the r.h.s. of eq. (38) and expressing the result in terms of the gluon transverse momentum, we obtain:
where on the last member a smooth interpolation between the two regions specified by the minimum has been considered according to the approximation 3 max[y, r] ≈ y + r. Eq. (39) reduces in the frozen coupling case to −A 1 α/y log(y + r). As anticipated in the introduction, we have therefore two different regions:
1. high jet mass -compared to quark mass m s :
Up to the logarithmic accuracy we are interested in, one can extend this region up to y > r. Eq. (39) reduces to the massless case:
In this region, the jet mass is so large that, at the logarithmic level, no effect is left of m s = 0. To first order, eq. (41) becomes −A 1 α/y log y. The event fraction therefore reads:
2. low jet mass:
Analogously to the previous case, one can actually extend this region up to y < r. Eq. (39) specializes to: 1 y
It is worth noting that the effect of a non zero mass, m s = 0, is a restriction on the upper gluon transverse momenta. To first order, eq. (44) becomes −A 1 α/y log r. In this low jetmass region, in agreement with physical intuition, the s quark mass m s completely screens the collinear singularity and produces a logarithm of the quark mass m s normalized to the relevant hard scale m b .
By imposing that the event fraction is continuous across y = r,
we obtain:
Subleading effects
Let us discuss in this section the derivation of the sub-leading effects in eq. (38):
1. the first term proportional to D 1 , related to soft emission off the initial heavy parton at rest, reads:
This term is not modified with respect to the massless case, again as expected on the basis of physical intuition;
2. the second term proportional to D 1 , related to soft emission off the massive and fast-moving strange quark, reads:
This term therefore vanishes in the high jet mass region y ≫ r, where we recover the massless case (in which this term was absent from the very beginning);
3. the term proportional to B 1 , related to hard collinear emission off the strange quark, reads:
where we have neglected small terms beyond the logarithmic accuracy. This term is regulated by the non-vanishing strange mass and, as expected, we re-obtain the massless case with the infrared cutoff r on y.
By collecting the various contributions computed in the previous sections, we obtain for the O(α) distribution:
Within logarithmic accuracy, we can make a sharp approximation to obtain:
The main effects of the virtual corrections are included, as usual, by replacing the above functions with corresponding plus distributions.
Check with fixed-order computation
In this section we compare our O(α) expression for the mass distribution with the explicit Feynman diagram computation in ref. [7] , where the decay spectrum has been computed by retaining the non-vanishing strange-quark mass. The relevant contribution is that coming from the magnetic penguin operator
is the renormalization scale. By omitting non-logarithmic terms, the fixed-order (fo) distribution in eq. (30) of the first ref. in [7] reads:
The above formula exactly coincides with the first-order expression in eq. (50) derived in the previous section. That is a strong check of our results, in particular of our treatment of the hard collinear region.
Resummation
By putting all the pieces together, we obtain the jet mass distribution for the heavy flavor decay in N-space:
By including higher-order terms to our first-order expansions,
we obtain the decay spectrum formally resummed to all orders:
In the limit r → 0, we recover the well-known massless result. It is remarkable that the single logarithmic terms B and D have θ-functions of opposite arguments and therefore exclude each other: either a soft contribution is present, for a small jet-mass, or a collinear one is present, for a high jet mass. We now explicitly factor out the massless contribution in order to obtain the mass-correction factor δ N given in the introduction:
In the massive case, one has therefore the additional factor: 4
The integral above can be transformed back to unitary range by means of the rescaling v = y/r, which gives:
It is remarkable that, as a consequence of the rescaling, the hard scale Q (appearing in the upper limits of the transverse momentum integral as well as in the argument of the coupling in the single-logarithmic terms) changes from m b to m s . Let us also note that, in the last equation, the hard scale m b only enters through the variable r inside the moment kernel.
To express the correction factor as a standard Mellin transform, we use the relation:
(61) 4 A compact derivation of the correction factor δ N is obtained by splitting the angular integral in all the terms on the r.h.s. of eq. (38) but the term proportional to D 1 r, as:
The first integral on the r.h.s. represents the massless case while the second one the mass corrections. The unitary range in the latter is restored by setting t ′ = t/r.
Eq. (61) can be easily shown to be valid at the next-to-next-to-leading log N level, by using the relation [8] (
where n ≡ Ne γ E , γ E ≡ lim k→∞ k j=1 1/j − log k = 0.577216 · · · is the Euler constant, z(a) ≡ ∞ n=1 1/n a is the Riemann Zeta function with z(2) = π 2 /6 = 1.64493 · · · . The final expression for the correction factor in N-space therefore reads:
3 General case This is the central section of the paper and contains general results about threshold resummation in processes with jets initiated by partons with a small mass compared to the hard scale.
In sec. 3.1 we generalize the mass corrections obtained in the previous section for the radiative decay to a hard process involving jets initiated by massive quarks.
In sec. 3.2 we expand the resummation formula given in sec. 3.1 to O(α) and we compare it with an explicit Feynman diagram computation of the inclusive DIS cross section for ν µ + s → c + µ with m c = 0. Since this is a completely independent process with respect to radiative b decay, having a priori uncorrelated mass effects, the above comparison provides us with a non-trivial check of the universality of our results.
In sec. 3.3 we present the expansion of the correction factor in N-space δ N in towers of logarithms -fixed logarithmic accuracy -up to next-to-next-to-leading logarithmic (NNLL) approximation.
Finally, in sec. 3.4 we present results in physical space by performing the inverse Mellin transform of δ N in analytical way.
Mass Effects in a Jet
We generalize in this section the resummation formula obtained in the previous section for the radiative b decay by simply noting that any reference to the particular process disappears in the correction factor δ N in eq. (63). Therefore we simply replace the beauty mass m b with the hard scale Q of the general process and m s with the mass m of the quark triggering the jet under consideration:
where r is now defined in eq. (4). A check of our generalization is provided by the comparison with the full O(α) computation of the DIS cross section with a massive quark in the final state (see next section).
As anticipated in the introduction, the jet mass distribution is an infrared safe quantity, i.e. it has a finite limit for vanishing quark mass, m → 0. Our results are in agreement with this general fact in the following way: for r = 0, the distribution contains mass logarithms ∼ log r which are not power suppressed, but have support in the region of power-suppressed size y < r.
The O(α) term in the correction factor δ(y; Q 2 , m 2 ) in physical space can be obtained by subtracting out line 2 (the massless distribution) from line 1 (the massive distribution) in eq. (51):
log r/y y
where the plus distributions are defined as usual:
Let us note that in our case the distributions actually vanish for y > r with r ≪ 1.
Check with DIS with massive final quark
In [9] the first-order corrections have been computed to the inclusive cross section for charm production in charged-current DIS,
where (g) is a real or a virtual gluon. In this computation, the non zero charm mass has been retained while the (much smaller) strange quark mass has been neglected:
Omitting non-logarithmic terms, the cross section given in eq. (40) of [9] can be written as:
qq (x) is the leading-order (massless) q → q splitting function in 4 dimensions,
with d = 4 − 2ǫ the space-time dimension. For simplicity's sake, let us set from now on µ F = Q. The infrared pole, of collinear nature, is absorbed into the quark non-singlet distribution function, which reads, in the MS scheme:
The next step is to factorize from the cross section in eq. (69) the (massless) coefficient function:
The latter is obtained as the following convolution [1-3]
is the radiative factor related to the observed initial-state jet, produced by the massless s quark, while
is the jet factor related to the unobserved final-state jet, initiated by the c quark, in the massless approximation. The cross section can therefore be written as:
The "⊗" denotes a convolution and we have used the fact that
The last term h(x; Q 2 , m 2 ) on the r.h.s. of eq. (78) is in agreement, within logarithmic accuracy, with δ(y; Q 2 , m 2 ) expanded to O(α), in eq. (65), after setting x = 1 − y:
Tower Expansion
The universal mass-correction factor has the generalized exponential structure [1] δ N (Q 2 ; m 2 ) = e F N (Q 2 ;m 2 ) ,
where the exponent has a double expansion of the form:
with F nk numerical coefficients. The exponent can be expanded in towers of logarithms as:
where ρ ≡ β 0 α(µ 2 ) log (N r)
and µ = O(m) is a renormalization scale of the order of the quark mass m.
By truncating the above series expansion, one obtains a fixed-logarithmic approximation to the form factor δ N . The functions d i (ρ), which represent the mass effects, are obtained from the standard ones g i (λ) [4] by means of the replacements:
All these functions contain in principle the over-all θ-function θ (N − 1/r), coming from the step approximation of the moment kernel, which avoids modifications for small N of the massless behaviour, in agreement with physical intuition. It is worth observing that mass effects induce a similar structure to the massless one, involving changes of sign of the collinear functions A and B, with a rescaling for Q → m. We then obtain:
For the NNLO function d 3 we assume that the coefficient D 2 is equal to the one entering heavy flavor fragmentation and heavy flavor decay [10] :
The coefficients β i of the QCD β-function in our normalization have been given in [4] .
Inverse Mellin Transform
The mass-correction factor in physical space is obtained by means of an inverse Mellin transform of δ N :
where c is a (real) constant chosen in such a way that the integration contour lies to the right of all the singularities of δ N . By definingδ N r ≡ δ N (92) and changing variable from N to ν = Nr, we obtain:
where we have omitted the power correction y multiplying the derivative with respect to y. The correction factor in physical space is therefore the inverse Mellin transform ofδ ν with respect to (1 − y) 1/r 5 . We can therefore use the results in [8] to obtain the correction factor in physical space in NNLL approximation:
We have defined
δ∆ is a NNLL correction factor which can be set equal to one in NLL:
Its NNLL expression reads:
Γ(x) is the Euler Gamma function and
is the digamma function. Finally:
and
It is convenient to approximate the argument of the logarithm by an expansion for y ≪ r:
Note that the r.h.s. is positive only for y < r, implying that the linearization above shrinks the domain of y from the unitary interval (0, 1) to the much smaller interval (0, r).
To summarize, we have the final result:
where ∆ (y; Q 2 , m 2 ) is given in eq. (95) and
In agreement with the observation above, we have limited the domain to y < r with a θ-function. 
where C A = N c = 3 and n f is the number of active quark flavors.
Conclusions
We have resummed to all orders of perturbation theory the invariant mass distribution of hadronic jets initiated by massive quarks. The mass effects have been relegated into a universal factor which takes into account the well-known dead-cone effect and contains the same resummation functions which are encountered in standard threshold resummation. Mass corrections produce a universal intra-jet structure in agreement with one's physical intuition: only small angle partons emissions are involved, which can be ascribed to a specific jet in the event.
It is remarkable that the coefficients of the logarithms of mass ratios are simply connected to those found in massless processes, at low order as well as in higher order of perturbation theory. A similar situation is found in the fragmentation of heavy quarks [3] .
Our formulae have been checked against explicit first-order computations: the radiative b decay b → sγ with m s = 0 and DIS ν µ + s → c + µ with m c = 0, finding complete agreement.
Mass effects, i.e. effects related to non vanishing parton masses, often play a significant role in jet physics at the quantitative level [11] . It may be worth to cite just a few applications of our results.
Semi-inclusive B-decays
B → X c + l + ν l (124) are largely affected by the non-vanishing charm quark mass as r > ∼ m 2 c /m 2 b ≈ 0.1. Semileptonic b → c decays allow the extraction of the CKM matrix element V cb and constitute the main background to the b → ulν decays, which are used for the extraction of the CKM matrix element V ub . The inclusion of charm mass effects is needed to have a better understanding, for example, of the charged lepton spectrum or the invariant hadron mass distribution, which have recently been measured with great accuracy in [12] [13] [14] [15] [16] [17] . The resummed formula which we have obtained can be combined with the full O(α S ) triple differential distribution for (124) recently obtained in [18] . An additional complication in this case stems from the fact that the charm quark velocity, or equivalently the parameter r, is not fixed in the tree-level process b → clν. That is because the hard scale, settled by the total hadron energy in the final state, is not fixed. Since the exclusive channels B → Dlν and B → D * lν constitute a large fraction of the total rate (124), the use of perturbation theory has been questioned. We believe however that a perturbative computation can provide quantitative informations on the decay (124) to be compared with other models.
An accurate computation of shape variable distributions in e + e − annihilations at the Z 0 pole and below -such as thrust, heavy jet mass, C-parameter, etc. -asks for the inclusion of the beauty mass effects very close to the two-jet region. The mass correction parameter r ≈ 4m 2 b /s ≈ 0.1 for √ s = 30 GeV, while it is smaller by an order of magnitude at the Z 0 pole.
At a future e + e − linear collider of center-of-mass energy of 500 GeV, mass effects in top pair production will be controlled by r ≈ 0.5.
The invariant hadron mass distribution in semileptonic top decays,
is affected by the non-vanishing beauty mass close to threshold, i.e. for m Xb > ∼ m b .
In ref. [19] a disagreement has been found between beauty fragmentation data at very large x and standard perturbative fragmentation functions. We believe that the inclusion of beauty mass effects could improve the accuracy of the perturbative computations and eventually solve this problem.
To sum up, mass effects in a jet can be included, within logarithmic accuracy, by the universal factor in eq. (2) multiplying the massless jet function.
